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ABSTRACT

This study investigates the longitudinal and transverse components of linear perturbations in the Blasius boundary layer within the frame-
work of local hydrodynamic stability analysis. The base-flow profile is determined from the Falkner-Skan equation, after which the lin-
earized equations of motion are reduced to the Orr—Sommerfeld spectral problem. For its numerical solution, a spectral-grid method is
employed, based on dividing the computational domain into elements and representing the solution on each element by a finite series
of Chebyshev polynomials. The resulting generalized eigenvalue problem is reduced to a lower-dimensional system, followed by recon-
struction of the eigenvector of the original system and the corresponding eigenfunction. Based on a selected physically relevant mode,
the components of the perturbed velocity field are determined. For the test case, the computed eigenvalue is compared with a published
reference numerical result; the influence of the distribution of the number of polynomials among the elements of the computational do-
main is also investigated. The obtained results confirm the applicability of the proposed computational procedure to the analysis of linear
perturbations in the Blasius boundary layer.

KEYWORDS

velocity dynamics, Navier—Stokes equations, spectral-grid method, boundary layer, eigenvalues and eigenvectors, stream function.

1. Introduction

In [1], a numerical approximation to the classical Blasius boundary-layer problem for flow over a flat plate was obtained using a spectral
collocation method. The approach is based on the Chebyshev pseudospectral scheme, in which the solution is approximated by Chebyshev
polynomials of the first kind. The Chebyshev pseudospectral method employs Chebyshev—Gauss—Lobatto collocation points corresponding to
the extrema of the Chebyshev polynomials. By enforcing the differential equation at these points and incorporating the boundary conditions,
the original boundary-value problem is reduced to a system of algebraic equations. The coefficients of the Chebyshev polynomial expansion
are then determined to obtain a numerical approximation of the solution.

A new generalized Blasius equation for turbulent flow, derived from the turbulent boundary-layer equation and applicable to both turbu-
lent and laminar flow regimes, was formulated in [2]. Analytical and numerical solutions of the proposed generalized Blasius equation were
investigated under prescribed conditions. In fluid mechanics, obtaining analytical solutions to complex systems is generally a labor-intensive
and time-consuming process. Therefore, a MATLAB-based numerical procedure was employed to investigate the new third-order nonlinear
Blasius equation. The analytical and numerical results were compared using tabulated data and graphical representations in order to ver-
ify the validity of the proposed model. According to the authors, the obtained results demonstrated good agreement and were considered
promising.

The method proposed in [3] is based on integrating the Orr—Sommerfeld equation from the free stream toward the wall. To satisfy the
boundary conditions at the wall, two linearly independent solutions are constructed. The method was applied to calculate the neutral stability
curve for the Blasius velocity profile.

In [4], a class of self-similar solutions to the unsteady Navier—Stokes equations was obtained for two-dimensional unsteady laminar flow
of a viscous incompressible fluid in the boundary layer over a semi-infinite stationary flat plate. The boundary layer is generated by a uniform
free stream over the plate, whereas the unsteadiness of the flow dynamics arises exclusively from the introduced self-similar formulation.
For this self-similar solution, the original boundary-layer equations, namely the momentum and heat-transfer equations, are transformed into
a system of nonlinear ordinary differential equations involving two physical parameters: the unsteadiness parameter and the Prandtl number.
The effects of these parameters on the characteristics of unsteady boundary-layer flow and heat-transfer processes were investigated in detail.

In [5], a free-boundary formulation was proposed for two generalized Blasius problems. The computed values of the so-called missing
initial condition were compared with recent results available in the literature and showed good agreement.

In [6], the Blasius equation, which is a third-order nonlinear ordinary differential equation, was transformed into an integral equation
with a shifted kernel. The purpose of that study was to develop an efficient modification of the standard Adomian decomposition method
combined with the Laplace transform for solving the Blasius equation. One of the main difficulties in solving this problem is that the value of
the second derivative at the origin is unknown. Once this derivative is accurately determined, the analytical solution of the Blasius problem
can be obtained relatively straightforwardly. Therefore, an approximate solution was used to estimate the second derivative at the origin,
commonly referred to as the Blasius constant. Determination of this constant is essential for calculating the wall shear stress on the surface of
the plate. Once this value is obtained, the original problem is reduced to an initial-value problem that can subsequently be solved numerically.

ISSN 2010-7250 (Print) | Uzbek Journal “Problems of Mechanics” | 2026; 37(3); Article 7 60 of 73


https://pmjournal.uz/jour/en/index
https://pmjournal.uz/jour/en/openaccess
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0009-0003-6564-4595
https://orcid.org/0009-0003-4897-6379
https://orcid.org/0009-0006-8799-2023
https://orcid.org/
https://orcid.org/0009-0002-4334-2708
mailto:ch.normurodov@gmail.com

New results concerning the classical problem of a viscous, laminar, steady boundary layer of an incompressible Newtonian fluid over
a thin flat plate, i.e., the Blasius problem, were presented in [7]. A finite-difference solution of the Blasius problem was obtained using a
shooting technique combined with the classical fourth-order Runge—Kutta method over a sufficiently large computational interval with a very
fine grid. The numerical results were compared with previously published computational data.

In [8], the classical problem of a viscous laminar boundary layer over a thin flat plate was considered. Using the nonlinear least-squares
method, accurate correlations for the streamwise velocity were obtained, which can be used in the numerical simulation of two- and three-
dimensional boundary-layer flows. The calculated and analytical velocity profiles U were compared with well-established data available in
the literature.

In [9], the effectiveness of coordinate mappings for the numerical solution of problems posed on unbounded domains was investigated.
Using several model problems, including the Orr—Sommerfeld eigenvalue problem for the Blasius boundary layer and the Falkner—Skan
equation, it was demonstrated that such transformations are effective when the solution exhibits relatively simple asymptotic behavior at
infinity. The analysis indicated that an algebraic mapping of the infinite domain onto a finite interval is the most preferable approach.

The numerical treatment of a boundary-value problem for a singularly perturbed second-order differential equation was investigated in
[10]. The numerical and graphical results demonstrated the high accuracy and computational efficiency of the proposed method.

In [11], an approach to the numerical solution of a boundary-value problem for an inhomogeneous singularly perturbed second-order
differential equation was developed based on the continuous version of the pre-integration method.

The numerical modeling of the hydrodynamic stability of a two-phase boundary-layer flow was carried out in [12]. In [13], the hydro-
dynamic stability of two-phase Poiseuille flow governed by a system of nonlinear singularly perturbed equations was investigated.

In [14], a discrete version of the pre-integration method was proposed for the numerical solution of an inhomogeneous biharmonic
equation. The partial derivatives appearing in the equation were represented as finite double expansions in Chebyshev polynomials of the
first kind with unknown expansion coefficients. Numerical experiments performed for various test functions confirmed the high accuracy and
efficiency of the proposed method. The objective of [15] was to develop a highly accurate and computationally efficient numerical method
for investigating the behavior of derivatives of various orders for a singularly perturbed second-order differential equation.

In the present study, the linear stability of the Blasius boundary layer is investigated by applying a spectral-grid method to the Orr—
Sommerfeld problem. The computational domain is divided into separate elements, and the unknown function on each element is represented
by a finite expansion in Chebyshev polynomials. Particular attention is paid to the formulation of the generalized eigenvalue problem, its
subsequent reduction, and the reconstruction of the eigenvector of the original system together with the corresponding eigenfunction. Using
the reconstructed eigenfunction, the streamwise and transverse components of the perturbed velocity are determined as solutions of the
Navier—Stokes equations linearized about the Blasius base flow. Within this framework, the linear evolution of small perturbations and the
structure of the corresponding velocity field are investigated. The computed eigenvalues are compared with published numerical data, and
the influence of the distribution of the number of polynomials among the elements of the computational domain on the accuracy of the
numerical solution is also examined.

2. Mathematical Model

The motion of a viscous incompressible fluid in dimensionless form is described by the following system of dimensionless Navier—Stokes
equations:

Ou  Ou ou op 1|o%u
—tU—+F— ==+ —| —+—,
o0 ox oy ox Re|lax* oy
09 09 09 _op 1|o*9 o9
—tU—+F— ==+ —| —+—,
ot ox & 9 Relax’* oy
a_u+a_9:0,

where U and & are the streamwise and transverse velocity components, P is the pressure, Re =pUL !t s the Reynolds number, /O is the
fluid density, X is the dynamic viscosity, and U and L are the characteristic velocity and length scales, respectively. For plane Poiseuille

flow in a semi-infinite channel, the characteristic length L is the half-width of the channel, while the characteristic velocity Uis Umnax at the
channel centerline. In a boundary layer, the characteristic length is the boundary-layer thickness and the characteristic velocity is the velocity
outside the boundary layer.

The aim of this study is to investigate the streamwise u(x,y,t) and transverse $(X,Y,t) components of the velocity field in the Blasius
boundary layer within the framework of linear hydrodynamic stability theory. The velocity components are defined as the sum of the base
flow and a small perturbation obtained by solving the Orr—Sommerfeld problem. The space—time domain under consideration is specified as

D={0<x<50, 0<y<ow, 0<t<50}.

For the stability analysis, the flow is represented as a superposition of a steady base flow and a small perturbation:

u(x,y,t) =U(y) +u(x, y,t),
9(x,y,0) =9(x,y,0),
p(x,y,t) =P(x,y) + p(x, y,t). 2)

It is assumed that the perturbation amplitude is much smaller than the characteristic velocity of the base flow, which permits retaining
only first-order terms in the perturbations. Substituting expansion (2) into the Navier—Stokes equations (1) and retaining only terms linear in
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the perturbations yields the linearized system of equations for the perturbed quantities:

e~ . 2
o, you 54U P o 1[dU o)
6t 6x dy ox Ox Rel| dy?
LS LR N D)
ot Ox oy c')y Re
a_u+a_9:0,
ox Gy (3)
where
2 2
A —6_2+a_2
ox° oy

In a local stability analysis, the Blasius profile at a fixed streamwise section X =X) is treated as quasi-parallel. For the zero-pressure-gradient
Blasius flow, we assume

op =0, o =0

ax

Taking into account the assumptions of the local quasi-parallel analysis and eliminating the terms associated with the base flow, system (3)
becomes

oy, AU p 1y 08 08 1,
8t 6x dy 0x Re ot 6x dy Re 4)
8_11 + 8_9 =0.
Introduce the streamfunction of the perturbation motion in the form
i(kx- ot)
Y (xy.t) Z/J(y)e (6)

where ¥(¥) =¥y +1; i the streamfunction amplitude, K is a real quantity related to the perturbation wavelength by € =27/ k. The quantity
(V) is the complex angular frequency

0 =0, +iw;

w

I determines the oscillation frequency of the perturbation, whereas

w:

where | characterizes the rate of change of its amplitude in time. If

w > 0, the perturbation amplitude increases, corresponding to flow instability; if ¢j < 0, the perturbations decay and the flow is stable.
In addition to the quantities k and (), it is useful to introduce their ratio

A=wlk =4 +i}

The quantity A'r represents the propagation velocity of the perturbations along the X axis (the phase velocity), whereas A—; characterizes their

growth or decay. If A’l > 0, the flow is unstable; if /11 < 0, it is stable; and if A’l :0, the perturbations are neutrally stable.
The components of the perturbed velocity are expressed in terms of the streamfunction (6):

i(kx- wt) i(kx- ot)

- N _

(X y:t) - _I/} (}’)e 3 ‘9(X)y:t) = =" ’k¢(Y)e
Thus, the continuity equation (5) is satisfied identically. Substituting the obtained expressions into system (4)—(5) and eliminating the

pressure yields the spectral problem for the Orr—Sommerfeld equation:

1
lkRe

‘;’/’ 2k2dw+k v |- wop- /1) K2y | +U G =0, < <.
7

®

The boundary conditions correspond to the requirements of impermeability and no-slip:

y(m) =y (p) =0, y(m) =y () =0.
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Thus, the stability problem reduces to finding the eigenvalues A and the corresponding eigenfunctions w().
To solve spectral problem (8), the base-flow velocity profile U(#) must be specified. In this study, the base profile is taken as the first
derivative of the solution of the Falkner—Skan equation,

fr4ff+B0-(f)=0, 0<p<em, )

which describes the structure of a laminar boundary layer over a flat plate; that is, uam =f'@.
For Blasius flow, the pressure-gradient parameter is set to £ =0. In this case, the Falkner—Skan equation (9) takes the form

f G+ f) f () =0,

with the boundary conditions

It should be noted that the Blasius equation is also widely used in the literature in another normalization, namely,
1 vy
9 (£)*-9()g (£)=0,

with the boundary conditions
g0)=0, g(©=0, g(=)=1

where & is the similarity variable corresponding to this normalization. The form of the Blasius equation used in the present study and the
classical form given above are related by the transformation

£=V2n, @) %g(@).

This transformation gives

£01) =g'(&) and f') =v2g7().

In particular, for 7] =0 we obtain
[0 =v2¢"0).
Therefore, the value known for the normalization with coefficient 1/2,
g’(0) ~0.332057
corresponds to the value
£(0) =+/27(0) ~0.469600

in the normalization adopted in the present study.

3. Numerical Model

To determine the base-flow profile numerically, the Blasius problem is solved using a shooting method combined with the classical fourth-

order Runge—Kutta method. Since the value of the second derivative f (0) is not known in advance, it is denoted by
s =f"(0).
For each trial value of S, the initial-value problem is solved with the initial conditions
f0)=0, f(0)=0, f(0)=s

over the finite computational interval 0 <1 <tppay..
The value of S is successively refined so that the numerical solution at the right boundary of the computational domain satisfies the
condition
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f ’(Umax) =1L

In the numerical calculations, the infinite domain is replaced by the finite interval 0<p Slmaxs, where max =20, The shooting procedure
yields the value f(0) ~0.46959999.

After f "(0) has been determined, the Blasius equation is integrated again over the entire computational interval, and the base-flow profile
U@ =f (). is constructed. The resulting profile U(#) is then used to formulate the Orr—Sommerfeld spectral problem.

Because different normalizations are used, the parameters of the stability problem must also be converted to a common system of scales.

Let Rel and kl denote, respectively, the Reynolds number and the wavenumber in the normalization used in [9]. When converting to the
normalization adopted in the present study, the corresponding parameters are transformed according to

Re =\/ER61, k :\/Ekl

The resulting values Re and k are subsequently used to formulate the Orr—Sommerfeld spectral problem.

The resulting velocity profile U®) is then interpolated at the Chebyshev collocation points of the first kind and represented by a finite
series, as described below.
For this purpose, the function U) is interpolated at the following nodes of the Chebyshev polynomials of the first kind:

v :cos(:rl/pj), [ =0,1,--, p;,

(10)
where p J is the number of polynomials used to approximate the solution on the J-th grid element.
The velocity profile can then be represented as a series in Chebyshev polynomials:
Pj
U;(n) :Z BT, (1)
n=0 (1)
where I () are Chebyshev polynomials of the first kind, and the coefficients br(zj) are determined by the formula [12, 13]:
2 ¢l
br(lj) :—Z_U](.YI)Tn(.YI)7 n=0,1,~~-,pj,
Pjtn a
1=0 (12)
where
Co =Cp, =2, =1 (1#0,p)).

A spectral-grid method [12, 13] is used for the numerical solution of the spectral stability problem. In this method, a uniform or nonuniform

grid is introduced in the integration domain. For this purpose, the computational domain (10,1 is divided into N elements:
U0, 1, Upsp s -5 Iy- 1,11y ]

Let the solution of the Orr—Sommerfeld equation on the J-th element be denoted by I/Jj(”)’, where J =12, N Then, on each element
[’71'-1”71'], differential equation (8) takes the form [12]:

d* d? ,
T 2k2d—2+k“ v - ikRe[ (U ;(7)- A)D- Uj(m)]y; =0, j =1,2--,N,
n n (13)
where
D =d*/dn*- K.
The boundary conditions are imposed at the boundaries of the computational domain:
d
Y1010) =0, L) =0,
dn
d
y) =0, L Gpy) =0.
g (14)
At the element interfaces, the solution and its derivatives up to the third order must be continuous:
Oy =pY @), =0123; j=12,.,N-1
1//] (’7}) 1//j+1(77])) Lt it ] J 3 &yeeey . (15)
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In the spectral-grid method, each element [7j-1,175] is mapped onto the standard interval [-L1]. The symbol Y € [-11] is then used as the
local Chebyshev coordinate on the standard interval and does not coincide with the physical transverse coordinate of the original formulation.
Using the change of variables

.

mj L
77:7‘*5}’, m; =n;+1;j.q, lj =nj-Nj-1-

After this transformation, equation (13) takes the form

4
d—- 2k2d_+k4 y; - ikjRe; | (U;(y)- AD; - Ui(y)|w; =0, j=12,..N,
dy dy (16)
where
D; =d*/dy*- kf, kj =(;/ Dk Re; =(I;/2)Re
From the boundary conditions (14) and the continuity conditions (15), we obtain:
d
y1(-1) =0, ﬂ(- 1) =0,
IO =1 Jﬂz//g‘zl( 1, t=012,3 j=12,..N-1,
vy () =0, YN 41y =0,
dy a”n

Thus, the original problem (8) is reduced to a spectral-grid approximation of the Orr—Sommerfeld equation (16)—(17) on each element
of the computational domain.
For convenience, equation (16) is written in operator form

L]l/}] :0, _] :1,2,...,N

(18)
where Lj is the differential operator defined by
L d—4- 2k; 2d—2+k 4|~ ik;Re;[(U.(y)- A)D; - U (y)]
J dy dy2 J J7 J J J
The solution of problem (16)—(17) on each element is represented as a series in Chebyshev polynomials of the first kind
P;
v;0) =) a1,
n=0 (19)

where Tn(¥) are Chebyshev polynomials of the first kind and Gﬁ’) are the unknown expansion coefficients.

Substituting this expansion into equation (18), we require the residual to be orthogonal to the first (p j” 4) Chebyshev polynomials. This
gives the system of equations

CwpT) =0, 1=012.p;- 4 j=12..N.

(20)
As aresult, a system of algebraic equations is obtained for the coefficients @ ( ) . System (20) can be written in the following form:
1 p; p;
1 3,2 2 _ .25 43 2.2 29 (j)_ o2 2 24.(J)
o Z [p™(p” - 4)" - 3n"p” +3n"p~ - pn*(n” - 4)7la;” - 2k Z p(p” - n")a
p=n+4 p=n+2
p=n(mod?2) p=n(mod?2)
+k4 ¢, Cl - —lkRe(Z (J) Z p(p -m )b(]) K2 Z (])b(])
m=p(mod2) |pl=p;
m|<p- 2 In- p|<p;
[n-m|<p;
bj bj
- Z EI()J) Z m[m2 -(n- p)z}b,sqj))- A|ik3Rec,al) - ikR Z p(p? - nz)agj) =0,
|pl<p; m=jn- p[+2 p=n+2
In- p|<p; m+n=p(mod?2) p=n(mod2)
n=012--,p;-4, j=L2,.,N, @1
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Here, n ’ bn are the expansion coefficients of the functions ¥’ and U in Chebyshev polynomials. We also introduce the notation

(1) =, b =g p) - . -
=Gnia > bn =l , where pj=n<p J, and the coefficients Ch are defined as follows: % =2

Using expansion (19), the boundary and continuity conditions (17) are written as follows.

¢, =1, n>0.

pj+1

Z( 1)n o) =0, Z( 1)nl 2 1) =) Z (j) _Z( 1" ]+1)
I%Z"ZG(]) - Z( 12l Z W1 (+1) = Z T (-1,

Jn=0 1+1 n=0 1 n=0 1+1 n=0

_Z' (D (+1)_ Z (“DT (-1),j=12,..,N-1.

lj n=0 J+1 n=0 (22)

Z (N)_O Z‘ 2(N)_

Taking the continuity and boundary conditions (22) into account, system (21) gives a closed system of linear algebraic equations. The number
of unknown coefficients in the resulting system is determined by

(pj+D).
= (23)
The system of algebraic equations (21)—(22) can be written in matrix form

D O .. 40 @ 2 (2 (V) () .. )
X (a() :al PR p]’ao :al )”"apz))'“)a() )al s ) pN )a

where A and B are complex matrices of order m Xm, A is the eigenvalue to be determined, and X is the vector of unknown coefficients.
The matrix B in system (24) is singular and contains 4N zero rows corresponding to the boundary and continuity conditions (22),
because these conditions do not depend on A
To reduce the dimension of the system and identify the independent variables, elementary column transformations are applied to matrices
A and B. As a result, the system is transformed into the equivalent form

(AQ- ABQ)Q 'x) =0 25)
or, introducing the notation
Z=Q Iy
we obtain
(AQ- ABQ)Z =0. (26)

Here, Qisa nonsingular transformation that acts identically on matrices A and B. The vector Z has a block structure corresponding
to the expansion of the solution in Chebyshev polynomials on the individual elements of the computational domain:

Since the same transformation Q is applied to both matrix A and matrix B, it is sufficient to describe the procedure for only one of them,
with the analogous operations understood for the other. The transformation Q is selected to eliminate the unknowns associated with the
boundary and continuity conditions. As a result, only the independent equations are retained from the full system, and the corresponding
dependent components are eliminated.

For a computational domain divided into two elements (N =2), the matrix A, which includes the spectral equations, boundary conditions,
and coupling conditions at the element boundary, has the following structure:
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-1 1 -1 * 0

1 -4 * 0

* * * 0
11 1 1 -11 -1 1 *

A:O 1 4 9 *0 -1 4 -9 *

0 0 4 24 *0 0 -4 24 *
0 0 0 24 - * 0 -24 ... %
0 0 0 O 0o * * * *
0 0 0 O 0
0 0 0 O 0 1 1
0 0 0 O 0 1 4 9 *

To isolate the dependent components and subsequently reduce the order of the system, elementary column transformations of matrix A are
performed using the nonsingular matrix Q. This gives the transformed matrix AQ of the following form:

100 0 -~ 0O0O0OOTO0--0
0 0
X X X X x 00 0O 0
X X X X x 00 0O0 -0
120 O 00100 -0
AQ = 010 O 0001O0 - 0 .
0 0 4 0 00O0O0OO0O-- 0
0 0 0 24 0 0O0O0O0O-- 0
00 0 O 0 x x x x - X
000 0 x x x x X
010
01

The structure of matrix AQ shows that, after the transformation, part of the equations corresponding to the boundary and coupling conditions
becomes autonomous. This makes it possible to eliminate the corresponding dependent components and pass to a reduced eigenvalue problem
of lower order.

The same transformation Q is applied to matrix B. As a result, matrix BQ is obtained, while the zero rows corresponding to the
boundary and coupling conditions remain zero.

After these transformations, the system is reduced to the form

where T and W are square matrices of lower order, and Y is the vector of independent unknowns. Since the total number of Chebyshev
expansion coefficients is determined by relation (23), after eliminating four dependent components on each element, the order of the reduced
matrices T and W becomes

(- 4N)X(f - 4N)

Thus, the dimension of the spectral-grid problem is substantially reduced, which makes the computation of the eigenvalues considerably
more efficient.
To transform the generalized problem (27) into a standard problem, the transformation

D=Tw!,
is introduced. The standard eigenvalue problem is then considered instead of system (27)

This is the form used in the computational algorithm. After matrix D has been constructed, its spectrum can be obtained using standard
numerical methods.
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From the computed spectrum, the physically significant unstable mode corresponding to the largest positive value of the imaginary part

of the eigenvalue A1 - is selected.

Thus, the computational procedure consists of a successive transition from the original generalized system (24) to the transformed
system (26), then to the reduced system (27), and finally to the standard problem (28), whose solution yields the required eigenvalues and
corresponding eigenvectors for the Orr—Sommerfeld problem.

Consequently, this transformation substantially reduces the order of the matrices in algebraic system (24) and improves computational
efficiency. At the same time, the high accuracy of the spectral-grid approximation is preserved because transformation Q does not change
the spectrum of the original problem.

After the eigenvalue A has been computed, the corresponding eigenvector X of the original generalized system (24) must be recon-
structed. Since the original problem (24) is successively transformed and reduced during the numerical solution, the vector X is not obtained
directly; instead, the eigenvector Y of the lower-order standard problem (28) is determined. Therefore, an inverse transformation procedure
is required to obtain the eigenvector of the original system. The procedure is performed as follows. First, from the standard problem

(D- AE)Y =0

the eigenvector Y is determined. Next, the reduced vector 17 must be reconstructed. Since

D=TW"!
the standard problem is equivalent to the system
(T- AW)Y =0
under the substitution
Y =WY.

It follows that the reduced vector is reconstructed by the formula
v —nr- L
Y=w'Y

Thus, the eigenvector obtained from the standard problem is transferred to the space of unknowns of the reduced system.

At the next stage, the complete transformed vector /Z must be reconstructed. During the reduction, the components corresponding to
the boundary and continuity conditions are removed from the original system. After transformation Qis applied, these components are
placed at the beginning of vector /Z, and assigned zero values. If the integration domain is divided into N elements, the number of such zero
components is 4N, because four unknowns associated with the boundary and continuity conditions are eliminated on each element.

After the complete transformed vector /Z, has been constructed, the eigenvector of the original system can be recovered. Since

Z:Qﬂ&
the inverse transformation has the form
x =QZ.

The vector X obtained in this way is the eigenvector of the original system (24).
Because an eigenvector is defined up to an arbitrary nonzero multiplier, it is normalized with respect to the Euclidean norm before the
eigenfunction is reconstructed:

[ =1-

Thus, the eigenvector reconstruction algorithm consists of a successive transition from the eigenvector of the standard problem Y to the
reduced vector Y, then to the complete transformed vector /Z, and finally to the eigenvector of the original system X.

The reconstructed eigenvector X contains the expansion coefficients of the eigenfunction %’ in Chebyshev polynomials. The values of
function ¥ at the spectral-grid nodes are calculated from these coefficients using expansion (19).

The resulting eigenvector makes it possible to reconstruct the structure of the perturbed flow and investigate the spatial distribution of
the eigenfunctions. On the basis of vector X, plots of the perturbation function and its derivatives can be constructed, enabling a physical
analysis of the characteristics of unstable flow modes.

After the eigenvalue A and the corresponding eigenvector X have been found, the streamfunction amplitude %’ and its derivatives are
reconstructed. The components of vector X are treated as the expansion coefficients of function % in Chebyshev polynomials of the first

kind. Therefore, function ¥(¥) on the standard interval ¥ €[- L1] i represented by series (19).
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The collocation nodes of the Chebyshev polynomials, determined by relation (10), are used to calculate the function values. Substituting

the node coordinates N [ into the Chebyshev expansion gives the values of the streamfunction amplitude at the nodes according to relation
(19).

Thus, the dynamics of the velocity vector in the Navier—Stokes system is investigated according to the following sequence:

1) equation (9) is solved using the fourth-order Runge—Kutta method, and the base-flow velocity profile in the boundary layer is deter-
mined on a uniform grid; the resulting velocity profile is then interpolated at the Chebyshev polynomial nodes (10);

2) the spectral-grid method is applied, with the base-flow velocity profile and the solution of the Orr—Sommerfeld equation (16) repre-
sented by the finite series (11) and (19), respectively;

3) using the spectral-grid method, the continuous eigenvalue problem for the Orr—Sommerfeld equation is reduced to the generalized
algebraic eigenvalue problem (20), (17);

4) system (24) is solved, and the eigenvalues A and the corresponding eigenvectors (24) are obtained. The streamfunction amplitude
(19) and its first derivative are then calculated from these vectors;

5) the velocity components of the perturbation motion are determined from (7);

6) the streamwise u(x,y,t) and transverse $(X, ) components of the velocity field are determined from formulas (2), taking into account
the base flow and the linear perturbation.

4. Results

For the numerical investigation, the parameters Rer =580, ki =0.179, 1jmax =20 are fixed. The choice of these parameters is consistent with the
results reported in [9]. The total number of polynomials is set to M =46.

When a single element (N =1) is used, the eigenvalue of the stability problem is computed. The results obtained are compared with the
data reported in [9]. The computational results are presented in Table 1.

Table 1. Comparison of the computed eigenvalues

Method Ay A; |AA,| |AA;|
This study 0.36419492 0.00792907 — —
Value reported in [9] 0.36412286 0.00795972 7.20 x 1073 3.06 x 1073

The influence of dividing the computational domain into several elements is then investigated. A two-element decomposition,

[0,10],[10,l]max], with N =2, is considered. The parameters pl and P 2 characterize the polynomial approximation orders in the first and
second elements, respectively. The first element is adjacent to the wall, where the base-flow profile and the corresponding eigenfunction

exhibit stronger spatial variation. For some distributions of pl and p 2, the computational accuracy may be slightly lower than that obtained
in the single-element case (N =D.

Table 2. Influence of the number of polynomials on the computational accuracy

pi+1 p2+1 Ar Ai AL | A
23 23 0.37184542 0.01451747 7.7x1073 6.5x 1073
27 19 0.36295784 0.00853757 1.1x107? 5.7x107*
33 13 0.36418391 0.00793507 6.1x107° 2.4x107°

To further investigate the effect of subdividing the computational domain, a four-element case (N =4) is considered with the total number

of polynomials fixed at M =46. The polynomials are redistributed among the elements without changing their total number.

Table 3. Influence of the distribution of polynomials among four elements on the computed eigenvalue

p1+1 p2+1 p3+1 pa+1 Ar A; |AA, | |AA;]
21 13 7 5 0.36495915 | 0.00706378 | 8.3x107* | 8.9x 10~*
21 15 5 5 0.36394933 | 0.00782265 | 1.7x10™* | 1.3x107*
23 13 5 5 0.36416963 | 0.00787027 | 4.6 x 107> | 8.9x 107
25 11 5 5 0.36422714 | 0.00792845 1x1074 3.1x 107
27 9 5 5 0.36422189 | 0.00792355 | 9.9x 107> | 3.6 x 107

The results show that the accuracy of the computed eigenvalue depends not only on the total number of polynomials but also on their
distribution among the elements. Increasing the number of polynomials in the region where the solution profile varies more rapidly reduces
the deviation from the reference value without increasing the overall approximation dimension.

The computational efficiency of the spectral-grid method can be assessed by the number of arithmetic operations required to solve the

algebraic eigenvalue problem. For a complex matrix of order 1, one step of the QR algorithm requires approximately
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arithmetic operations. Because domain subdivision and subsequent reduction decrease the order of the matrices solved in the spectral-grid
method, the number of arithmetic operations is correspondingly reduced. A comparison of the computational costs of the spectral method
(SM) and the spectral-grid method (SGM) for different values of the total number of polynomials /11 is given in the table.

Table 4. Comparison of the number of arithmetic operations for the spectral and spectral-grid methods

i SM: 0 SGM: N SGM: 0
5 6 1 6

10 1440 2 53
20 27306 4 426
30 117173 6 1440
40 311040 8 3413
50 648906 10 6666
60 1170773 12 27306
70 1916640 14 70986
80 2926507 16 146346
90 4240373 18 262026
100 5898240 20 426666

As can be seen from the table, the difference in the number of arithmetic operations between SM and SGM becomes more pronounced
as the total number of polynomials /M increases. This shows that reducing the matrix order in the spectral-grid method leads to a noticeable
decrease in the computational cost of solving the eigenvalue problem.

To construct the velocity-field components, a time instant [=ly is fixed. The streamwise and transverse components are calculated
from the Blasius base profile and the selected eigenmode of the Orr—Sommerfeld problem. The coordinate Y is specified at the Chebyshev

nodes (V1 =cos(@l/ p), 1=0,12,...p) whereas the coordinate X is selected on a uniform grid (X =50k/ p, k=0,1,2,...p) over the interval under
consideration. The real and imaginary parts of the velocity-vector components u(Xe,Y15t) and ¥k Y110) are presented as three-dimensional

plots.
Three-dimensional plots of the real and imaginary parts of the streamwise velocity component u(x,,t) are shown in Figures 1 and 2.

Real part of u(x, y, to) Imaginary part of u(x, y, to)

-1.0 g

-1.0 g

Figure 1. Real and imaginary parts of the streamwise velocity component u(x, y, fo) at fo = 0, computed over the domains
x €[0,50] and y € [-1,1].

Three-dimensional plots of the real and imaginary parts of the transverse velocity component 4(x,,t) are shown in Figures 3 and 4.

A comparison of the results at =0 and t =25 characterizes the temporal evolution of the selected eigenmode. The spatial structure of
the streamwise and transverse perturbation components is generally preserved, whereas their amplitude and phase position change with time.
Since }‘1 > 0, its amplitude increases according to the law eklm(l)t, which corresponds to the linear stage of the development of an unstable
perturbation. The real and imaginary parts represent two phase components of the complex modal solution.
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Real part of u(x,y, ty) Imaginary part of u(x, y, to)
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Figure 2. Real and imaginary parts of the streamwise velocity component u(x, y, ty) at typ = 25, computed over the domains
x €[0,50] and y € [-1,1].

Real part of 9(x, y, to) Imaginary part of 9(x, y, to)

-10 ¢ -1.0 g

Figure 3. Real and imaginary parts of the transverse velocity component #(x, y, #y) at to = 0, computed over the domains
x €[0,50] and y € [-1,1].

Real part of 9(x, y, to) Imaginary part of 9(x, y, to)

0.4
0.2

0.0

1.0 o -1.0 o

Figure 4. Real and imaginary parts of the transverse velocity component #(x, y,#y) at fo = 25, computed over the domains
x €[0,50] and y € [-1,1].
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5. Conclusion

The following results were obtained from the linear stability analysis of the Blasius boundary layer and the reconstruction of the corresponding
velocity-field components:

1) The base-flow velocity profile in the boundary layer is defined as the first derivative of the solution of the Falkner—Skan equation.

2) The differential eigenvalue problem for the Orr—Sommerfeld equation is reduced to a generalized algebraic eigenvalue problem by
the spectral-grid method.

3) The streamfunction amplitude is a solution of the Orr—Sommerfeld equation and is expanded as a finite series in Chebyshev polyno-
mials of the first kind with unknown coefficients.

4) The algebraic eigenvalue problem is solved, and the eigenvalues and corresponding eigenvectors (the unknown expansion coefficients)
are obtained.

5) The streamfunction amplitude and its first derivative are calculated.

6) The velocity components of the perturbation flow are determined using the streamfunction.

7) The dynamics of the streamwise and transverse components of the Navier—Stokes velocity vector are investigated through the com-
ponents of the perturbation-flow velocity vector, and their graphs are constructed.

8) As time [ increases, the amplitudes of the perturbations of the streamwise (1) and transverse (9) velocity components increase
exponentially, indicating temporal instability of the flow.
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Nomenclature and Abbreviations

Symbol / acronym Definition
X,y Streamwise and transverse coordinates
u, Streamwise and transverse velocity components
U(y) Streamwise velocity of the Blasius base flow
u,d Small disturbances of velocity components
Y (y) Streamfunction amplitude
k Wavenumber
w Complex angular frequency
A Complex eigenvalue/phase velocity
Ar, Ay Real and imaginary parts of the eigenvalue
Re Reynolds number
B Falkner—Skan pressure-gradient parameter
SGM Spectral-grid method
SM Spectral method
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