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ABSTRACT

Diffraction of a time-harmonic SH wave by a filled elliptic cylinder in an unbounded viscoelastic medium with the Rzhanitsyn—Koltunov
kernel is studied; the unfilled cavity is analysed first. The freezing method reduces the problem to a Helmholtz equation with a complex
wavenumber, solved exactly in Mathieu functions of complex parameter. The algorithm is verified against the static limit, the circular-cavity
solution and the method of fundamental solutions (agreement to 10~!2). Normalising the decaying incident wave at the origin overstates
the dynamic stress concentration factor (DSCF) by up to 27%; normalisation at the point of first contact is proposed. The viscous effect
is split into softening, which shifts the DSCF spectrum to lower frequencies by 37-45%, and damping, which reduces the DSCF by up to
15%. Near koa ~ 1 the DSCF decreases by 14-29%, while its peak drops by only 1-5%. The kernel parameters A and & dominate, while
S has little effect (below 1.5%). For a viscoelastic filler, the ratio of filler and medium viscosities governs the stress state: the interface
stress at a stiff filler varies from —15% to +17%, the tangential stress at a soft filler from —17% to +24%.

KEYWORDS
viscoelastic medium, elliptic cavity, SH wave, diffraction, filler, Mathieu functions, Rzhanitsyn—Koltunov kernel, dynamic stress concen-
tration.

1. Introduction

When assessing the seismic resistance of underground pipelines, tunnels and other structures, it is necessary to know the concentration of
dynamic stresses around cavities. The cross-section of many real structures differs from a circle; therefore, the ellipse is the simplest yet
practically important generalization: by varying the ratio b/a, shapes ranging from a circle to a crack can be covered. Classical results on
wave diffraction by cylindrical cavities in an elastic medium are presented in monographs [1, 2].

The scattering of SH waves by elliptic cavities has been actively studied in recent years. Early results for an elliptic cavity at the interface
of two media were obtained in [3]. In [4], the solution in Mathieu functions was extended to impact loading via the Fourier transform, and
a strong influence of the incidence angle, the wavenumber and the ratio of the ellipse axes on the dynamic stress concentration factor
(DSCF) was shown. A non-confocal lined elliptic tunnel [5], an inhomogeneous medium with varying density and modulus [6], gradient
piezomagnetic materials [7], and the interaction of an elliptic cavity with a crack in anisotropic rock [8] were investigated by conformal
mapping and wave function expansion methods. Mathieu functions are also used in problems of an elliptic hole in piezoelectric materials
[9] and of a nanosized elliptic hole with surface effects [10]. Acoustic wave scattering by elliptic bodies was studied in [11-13], where the
viscosity of the fluid was taken into account in [12, 13]. However, in most of these works the surrounding medium is considered elastic, and
its hereditary properties are not taken into account.

The hereditary (viscoelastic) properties of soils and structural materials are described by the Boltzmann—Volterra integral operator [14,
15]. For harmonic processes, the "freezing" method proposed by A.N. Filatov [16] reduces the integro-differential equations to differential
equations with complex coefficients. This approach was applied to cylindrical cavities in [17], to the assessment of the dissipative properties
of hollow cylinders with a filler with the Rzhanitsyn—Koltunov kernel in [18], and to the diffraction of P-, SV- and SH-waves by elliptic
cylinders in [19-21]. However, the influence of the kernel parameters on the DSCF was not systematically studied in these works. The
influence of viscosity was not separated into the modulus reduction (softening of the medium) and damping contributions. The problem of
normalizing the incident wave in a damping medium was not considered either.

The aim of this paper is to construct an exact solution of the problem of SH-wave diffraction by an elliptic cavity in a viscoelastic
medium in Mathieu functions of complex parameter and to verify it by an independent method. It is also intended to estimate quantitatively
the influence of the Rzhanitsyn—Koltunov kernel parameters on the DSCF frequency spectrum and to generalize the solution to a filled elliptic
cylinder.

Scientific novelty. The same problem was solved in [19] for a single wavenumber (ks = 1.7) and a single set of kernel parameters. No
comparison with the elastic case or verification of the solution was given there. In this paper, the results of [19] were used and the following
was done:

1) the solution was verified against the static limit, the exact solution for a circular cavity and the method of fundamental solutions
(agreement up to 10712);

2) it was shown that normalizing the incident wave at the coordinate origin in a damping medium artificially increases the DSCF by up
to 27 %, and normalization at the point where the wave first touches the cavity was proposed;

3) the complete frequency spectrum of the DSCF (0 < kga < 6) was obtained for the elastic and viscoelastic cases, and the influence of
viscosity was separated into the modulus reduction (spectrum shift) and damping contributions;

4) the influence of each of the parameters A, «, 8 of the Rzhanitsyn—Koltunov kernel on the DSCF was estimated quantitatively;
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5) the viscoelastic filled elliptic cylinder, which was not considered in [19], was solved, and the influence of the ratio of the filler and
medium viscosities on the contact stress was determined. In [20], the antiplane deformation problem for a filled elliptic cylindrical shell was
only formulated and reduced to the Mathieu equation: the boundary value problem was not solved, the stresses were not calculated and no
numerical results were given.

2. Problem statement

An infinitely long elliptic cylindrical cavity with semi-axes a and b (a > b) is located in a homogeneous, isotropic, viscoelastic medium
(Figure 1). A plane harmonic SH wave making an angle 6y with the x axis is incident on it. The points of the medium have only the
displacement w(Xx, y, t) along the cylinder axis, i.e. the problem is one of antiplane deformation.

y
*

u(w), p

b

a o
r c X
SH wave
Figure 1. Computational scheme of the problem
The constitutive equation of the medium is written on the basis of the theory of hereditary elasticity:
t
sz(t) = Mo [sz(t)_/ R(t_T)ij(T) dr|, j=xy, (1)

where p is the instantaneous shear modulus and R(t) is the relaxation kernel. The weakly singular three-parameter Rzhanitsyn—Koltunov
kernel is taken as the kernel [14]:

R(1) = Ae P!, A>0, B>0, O<a<l. )

The kernel must satisfy the condition fooo R(t)dt = AT (@) B~% < 1. For a time-harmonic process w = W(x, y) e ¢!, the "freezing"

method [16] replaces the operator (1) by the complex modulus

1 (w) = o [1 -Te(w) —iTs(w)], 3)
where . and I'5 are the cosine and sine Fourier transforms of the kernel. For kernel (2) they have a closed form:
ATl (@)
(B2 + w?)*/?

The equation of motion p 8%w/81* = d1.,/0x + 071y, /0y reduces to the Helmholtz equation for the amplitude:

Io(w) +ilg(w) = / R(1) €'l dt = e, ¢ = arctan’. (€))
0

k
VW 4+ K2W =0, ko= —— ko= co=o/p. (5)
VI-T,.—-il% co

Since Imk, > 0, the wave decays in the direction of propagation. In the calculations, the dimensionless time 7 = ¢ ¢o/a is used; therefore,
the dimensionless frequency equals @ = koa, and the parameters of kernel (2) are given in the same units.
The elliptic coordinates (&, 1) are introduced as follows:

x = ccoshé&cos, y = csinh&sinn, ¢ =Va? - b2 (6)
The cavity contour I" corresponds to & = & = tanh™! (b/a). The contour is free of stresses:
4]

Teclemer = 25 5 (WO 4 W) ey =0, T = \sinh & + sin’ . 7)
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Here the incident wave is

w@ = w, exp [i ks (xcos 6y + ysinbp)], (8)

and W) is the scattered wave, which satisfies the Sommerfeld radiation condition at infinity.

3. Solution method

In coordinates (6), Equation (5) is reduced by separation of variables to the angular and radial Mathieu equations:

o 4>y koc\®
d—772+(/l—2qcos27])<1>=0, E—(/l—choshZf)‘PzO, qz( > ) . ©)]

In a viscoelastic medium, the parameter q is complex. The angular functions ce,, (7, q), se; (1, g) are sought in the form of Fourier
series. For example, for the even-order functions:

2
cern(n.q) = ), A" cos2rn, (10)
r=0
where the coefficients are determined from the three-term recurrence relations:

AAg = gAs, (1-=4A2=q (240 + As),
(A=4r%) Ay = q (Azr—2 + Asrin) r>2.

System (11) is solved as an eigenvalue problem for an NxN tridiagonal matrix. Here A are the eigenvalues and Ay, are the components of
the eigenvectors. Similar systems are constructed for the odd-order functions cez,+1, Sean+1 and the even sez,42 [22-25]. In this approach,
no ordering or classification of the eigenvalues is required for complex q, since only the completeness of the set of angular functions matters
in the subsequent calculation.

The radial Mathieu—Hankel functions representing the scattered wave are calculated through series of products of Bessel functions [23]:

an

1

3)
M .q) =
€20 (6:9) = T

Z(_l)r+nA2r [Jr—s (ul) H;(-li-)s (MZ) + Jr+s (M]) H££)3 (MZ) 5 (12)
r=0

where 1 = \/ﬁe‘f, Uy = \/Eef, &0 = 2, &5>1 = 1. For computational stability, the index s is chosen so that |Ay]| is the largest. Similar
expressions exist for the other families [23]. The Bessel and Hankel functions are computed for a complex argument.
The scattered wave is sought in the form of the series

W = 3" |amcenm.) Ml (6.) + b sen(n.q) Msiy) (€.q) - (13)

m

For complex g, the angular functions are orthogonal without complex conjugation: fOM cey, cen dn = 0 (m # n), since operator (9) is
complex symmetric. Substituting (13) into boundary condition (7) and projecting onto ce,, (se,,), the coeflicients are found separately:

1 2r aw(l) 2r
an =i [ D lacenaydn. Ny= [ ccan, (14)
N Mcy,” (€0, ) J0 0

The coefficients b, are found in the same way. In (14), it is not necessary to expand the incident wave in Mathieu functions: the
projection integral along the contour is evaluated directly by the trapezoidal rule, which gives exponential accuracy for periodic functions.
The tangential stress along the contour is found as follows:

w0 ;
meley = 5 5 (Wm + W(S)) le,. (15)
Normalization of the incident wave. In an elastic medium, the DSCF is defined as K = |Tnz| /(okoWp). In a viscoelastic medium,
however, the amplitude of wave (8) varies along the propagation direction according to the law e~/"%=5_ If W, is specified at the coordinate
origin (at the center of the cavity), the amplitude at the point where the wave meets the cavity is exp (/mk.d) times larger. For example, for
koa = 6, 8y = 0 this factor equals 1.43. As a result, the DSCF is artificially increased. Therefore, in this paper the stress is normalized by

the intensity of the wave at the point where it first touches the cavity:

\TIIZ|
|ﬂ*k*| Wo elmk.d’
where d is the largest distance from the center to the contour in the direction perpendicular to the wave front. In the elastic case, (16)
reduces to the usual definition.
Numerical implementation. For each family, an NxN matrix with N = 60 is used. In the series, M = 12 + 2.5 |k.| a terms are
retained. The contour is discretized with 1024 nodes, and the derivative d/dn is computed by the fast Fourier transform. The calculations
were performed in Python (NumPy, SciPy). The computation time for a single frequency is less than 1 s.

K(n) = d = /a2 cos? 6y + b2 sin® Oy, (16)

4. Verification of the method

The correctness of the algorithm was verified in three independent ways.
1) Residual of the Mathieu equation. When the radial functions (12) for complex ¢ = (1.3 + 0.08:)? were substituted into Equation (9),
the relative residual did not exceed 1077; this value is limited by the finite-difference derivative error.
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2) Limiting cases. As koa — 0, the solution must tend to the static result for an elliptic hole under antiplane shear [1]: Kax = 1 +a/b
for 8p = 90° and Kyax = 1 + b/a for 6p = 0. As b/a — 1, the solution reduces to the exact solution for a circular cavity in Bessel functions
[1]. For example, for b/a = 0.9995 and koa = 0.5; 1.0; 2.0, the difference did not exceed 0.03 %.

3) Method of fundamental solutions (MFS) [26]. Here the scattered field is represented by 400 sources Hél) (k.r) located on a
confocal ellipse inside the cavity, and condition (7) is satisfied by collocation.

Table 1. Static limit (kga = 0.01) and comparison with the MFS

Case Mathieu solution Reference value Difference
b/a=0.2; 6y = O (static) 1.2000 1.2000 (1 + b/a) <107*
b/a=0.2; y = 90° (static) 6.0010 6.0000 (1 + a/b) 2.107*
b/a=0.5; 6y = 90° (static) 3.0006 3.0000 2.107*
b/a=0.8; 6y = 90° (static) 2.2505 2.2500 2-107*
koa = 1.0; b/a=0.4; 6y = 0; elastic 1.387506 1.387506 (MFS) 6-10713
koa = 1.5;b/a=0.2; 6y = 60°; v.-el. 4.625906 4.625906 (MFES) 310712
koa = 3.0;b/a=0.4; 6y = 0; v.-el. 1.608579 1.608579 (MFS) 2.1071
koa = 5.0;b/a=0.7; 6y = 90°; v.-el. 1.647652 1.647652 (MFS) 2.10713

The small difference in the static case is due to kga = 0.01 being nonzero. The agreement with the MFS is close to machine precision.
The fact that these two entirely different methods give the same result shows that algorithm (12)—(14) is correct. In Table 1, K is normalized
at the coordinate origin, since the comparison was carried out in the same way for both methods.

5. Numerical results and discussion

The main kernel parameters adopted in the calculations are A =0.048, @ = 0.1 and 8 =0.05 ( fooo R dt = 0.616). Table 2 gives the correspond-
ing complex modulus and wavenumber. These values of the kernel parameters were used in problems of wave propagation in viscoelastic
cylindrical cavities [27].

Table 2. Complex modulus and wavenumber for the Rzhanitsyn—Koltunov kernel (A = 0.048; a = 0.1; 8 = 0.05)

koa I, I Re(k./ko) Im(k./ko) tan §
0.1 0.5650 0.0628 1.5046 0.1081 0.144
0.5 0.4839 0.0717 1.3820 0.0955 0.139
1.0 0.4513 0.0692 1.3421 0.0843 0.126
2.0 0.4210 0.0656 1.3079 0.0738 0.113
4.0 0.3927 0.0617 1.2783 0.0648 0.102
6.0 0.3771 0.0594 1.2627 0.0601 0.095

Table 2 shows that viscosity has two effects. First, owing to I'. the modulus decreases and the wave slows down: the value of Rek. is
26-50 % greater than ko. Second, owing to 'y the wave decays.

Effect of normalization. If K is normalized at the coordinate origin, then for b/a = 0.5, 6y = 0 at kga = 6 the DSCF in the viscoelastic
medium is 26.8 % greater than in the elastic case (1.949 versus 1.537). This result leads to the incorrect conclusion that "viscosity increases
the stress". With normalization (16), in the same case the DSCF decreases by 11.5 % (1.360). Hence, in damping media, conclusions about
the DSCF depend significantly on the normalization method. All subsequent results are given according to (16).

Effect of the ellipse shape and incidence angle. Figure 2 shows the frequency dependence of the maximum DSCF along the contour
(Kmax)-

When the wave is incident along the minor axis (6p = 90°), the DSCF is large and increases sharply as the ellipse becomes thinner: for
b/a= 0.3, Kmax reaches 4.93. In all cases, Knax attains its largest value in the long-wave range (kga < 1), and in an elastic medium it is 6-14
% greater than its static value. This result agrees qualitatively with the conclusions of [4] and [20, 21]. For 6y = 0, the DSCEF lies in the
range 1.3-1.9 and depends weakly on frequency.

Table 3. Maximum DSCF and the effect of viscosity (A =0.048; @ = 0.1; 8 = 0.05)

bla 0o Kinax (elastic) / koa Kinax (viscoelastic) / kga Change of peak Largest decrease / kga
0.3 90° 4.929/0.70 4.704/0.44 4.6 % -29.3%/1.30
0.5 90° 3.285/0.58 3.149/0.34 4.2 % -253%1/1.15
0.8 90° 2.387/0.44 2.297/0.24 -3.8% -22.6 %/ 1.00
0.3 0 1.317/2.35 1.299/0.02 -1.3% -13.8 %/ 1.00
0.5 0 1.532/0.46 1.500/0.02 2.1% -16.8 %/ 1.05
0.8 0 1.867/0.40 1.806/0.16 -33% -20.6 % / 1.00
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Figure 2. K« as a function of kga: a) 6y = 90° (the wave is incident along the minor axis); b) 8y = 0 (the wave is incident
along the major axis). Dashed lines: elastic medium; solid lines: viscoelastic medium

An important conclusion can be drawn from Table 3: viscosity reduces the peak value of the DSCF by only 1-5 %, but shifts it towards
lower frequencies (for 8g = 90° the peak frequency decreases by 37-45 %). Therefore, at a fixed frequency, especially near koa ~ 1, the
DSCEF decreases by 14-29 %.

Separating the effect of viscosity. To determine the contributions of the two mechanisms, an additional calculation was performed in
which only the real part of u* was retained (I'y = 0), i.e. the medium softens but the wave does not decay (Figure 3).

a)6p=90°
.//'( % —-—- elastic
3.0 - ‘ b —-= Re u" only (softening)
\ ‘\\ — full "
x 2.5 A
€
X
2.0 A
1.5 4

Figure 3. Separating the effect of viscosity (b/a = 0.5): dashed line, elastic medium; dash-dotted line, modulus reduction only
(Reu™); solid line, full complex modulus

Figure 3 shows that under the effect of I',. the curve K« (koa) shifts to the left while almost retaining its shape. For 6y = 90°, the peak
moves from koa = 0.58 to 0.40, while the peak value does not change (3.285). The reason is that the DSCF depends on the actual wavelength,
and since Rek. > ko, the wave is shorter at the same frequency. Damping (I'y) directly reduces the DSCEF, and this effect increases with
frequency: 4-5 % at koa = 0.4, 4-13 % at koa = 1, and 11-15 % at koa = 5-6. Thus, at low frequencies the effect of viscosity manifests
itself mainly through the shift of the spectrum, and at high frequencies mainly through damping.

It should be noted that, for comparison, the elastic medium was taken with the instantaneous modulus y. If the storage modulus Reu* at
each frequency is taken as the elastic medium (the dash-dotted line in Figure 3), the spectrum shift disappears and the net effect of viscosity
manifests itself only through damping (I's). Therefore, the results on the spectrum shift are given relative to the instantaneous modulus.

Effect of the relaxation kernel parameters. Figure 4 and Table 4 present the results obtained when the kernel parameters are varied
one at a time for b/a =0.5, 6y = 90°.
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a)A c)B

koa koa koa

Figure 4. K,.x as a function of the kernel parameters (b/a = 0.5; 8y = 90°): a) A (e =0.1; 8 =0.05); b) @ (A =0.048; 8 =
0.05); ¢) B(A=0.048; @ =0.1)

Table 4. Effect of the kernel parameters on the DSCF (b/a =0.5; 6y = 90°)

A @ B [ Rt Te(1) (1) Kmax /koa K(koa=1) |K(koa =3)
0 - - 0 0 0 3.285/0.58 2.863 1.864
0012 0.1 005  |0.154 0.113 0.017 3.263/0.52 2728 1.829
0024 0.1 005 0308 0.226 0.035 3.235/0.48 2567 1.759
0.048 0.1 005 0616 0.451 0.069 3.149/0.34 2.166 1.528
0.048 0.2 005 0401 0.210 0.066 3.187/0.46 2.543 1.730
0048 |03 005 0353 0.129 0.063 3.194/0.48 2.646 1.773
0.048 0.1 0.01 0.724 0.451 0.071 3.139/0.34 2.164 1.527
0.048 0.1 0.2 0.536 0.452 0.062 3.182/0.36 2.174 1.532

The following regularities follow from Table 4:

— Parameter A increases I'. and I'y proportionally. As A increases, the DSCF spectrum shifts monotonically to the left and decreases:
for A =0.048, the DSCF at koa = 1 decreases by 24.3 %.

— As parameter « increases (with A and 8 fixed), I'; (1) hardly changes (0.069 — 0.063), but I'. (1) decreases by a factor of 3.5 (0.451
— 0.129). Therefore, @ acts mainly through the modulus reduction (spectrum shift). When « changes from 0.1 to 0.2, the decrease at kpa =
1 falls from 24 % to 11 %.

— The effect of parameter § is very small. When g changes by a factor of 20, K.« changes by 1.4 %, and the DSCF at a fixed frequency
by less than 0.5 %. The reason is that at the computational frequencies w > f, so in (4) (,62 + wz) 2 < w® and ¢ ~ m/2. B matters only at
very low frequencies (w < ).

Thus, in practical calculations it is important to determine the kernel parameters A and « accurately from experimental data, whereas
the parameter 8 may be specified approximately.

Stress distribution along the contour is shown in Figure 5 (i is the polar angle of the contour point).

koa=0.4, 60=90° k0a=1.0, 90=90° koa=4.0, 90=0°

\ ]
) I
1 I
1 I
1 1
1 1
\ 1
\ 1
\ 1
\ 1
\ )

\
)

\ )

0 90

90 180 270 360

9, deg

180 270 360 0
9, deg

180 270 360 0
9, deg

Figure 5. Distribution of the DSCF along the contour (b/a = 0.5). Dashed line: elastic medium; solid line: viscoelastic medium
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For 6y = 90°, the largest stress occurs at the ends of the major axis (¢ = 0°, 180°), while at the ends of the minor axis (¢ = 90°,270°)
the stress is zero. At kga = 0.4, the viscoelastic and elastic distributions practically coincide. At kga = 1, under the effect of viscosity the
peaks decrease from 2.86 to 2.17, while the shape of the distribution is preserved. For 6y = 0, kga = 4, the elastic distribution has several
local maxima due to interference. In the viscoelastic medium these oscillations are smoothed by damping, and the maximum shifts towards
the incident wave: ¢ ~ 138°,222° in the elastic case and  ~ 151°,209° in the viscoelastic case (the wave first touches the point = 180°).

6. Filled elliptic cylinder

In real structures, the cavity is often filled: a concrete lining, injected soil, a plug, etc. Suppose that the ellipse is filled with a homogeneous
viscoelastic material with shear modulus y; and density py, which is rigidly bonded to the medium. The parameters of the medium are
denoted by the index 1. The field in the filler satisfies the Helmholtz equation of form (5) with the wavenumber

1
ko = ko[22 : a7
P1 H2,0 ,l _ l"éz) _l.rs(z)

where FL(2S) are the Fourier transforms of the filler kernel. The field in the filler must be bounded inside the ellipse:
1 1 sz 2
W(Z) = Z [Cm Cem (77’ ﬂIZ) MCIEH) (§7Q2) +dp sem (7776]2) Msi(n) (f’qZ)] > q2 = (T) > (18)
m

where M cfyl), M sf,:) are the radial Mathieu functions of the first kind (J is taken instead of H") in (12)). The displacement and stress

are continuous at the interface:

. ow®
=Hy oF

Unlike the cavity case, the inner and outer Mathieu functions have different parameters (q; # g2). Therefore, they are not mutually
orthogonal, and the coeflicients cannot be found separately. Conditions (19) are written at 1024 points along the contour. The resulting
overdetermined linear system is solved by the least-squares method after normalizing its columns. In all calculations, the residual did not
exceed 5- 10713, Two stress components in the medium are evaluated: the tangential stress 7,z and the contact stress 7z, (on the area normal
to the ellipse). They are normalized as in (16) and denoted by K, and K z.

Verification. As b/a — 1, the solution agreed with the exact solution for a circular filler in Bessel functions (difference less than 0.02
%). As uz, po — 0, the cavity result was recovered. In the static limit, the contact stress agrees with the classical solution of the antiplane
problem K¢ = #(a + b)/(xa + b), x = us/u1: for x = 0.2; 2; 10, the values 0.429; 1.200; 1.427 were obtained (exact values 0.429; 1.200;
1.429). In comparison with the method of fundamental solutions with sources placed on both sides of the contour, the difference did not
exceed 3 - 10713,

Results. The calculations were performed for b/a = 0.5, 6y = 90°, p2 = p;. The medium kernel is A; = 0.048; @ =0.1; g = 0.05.
The filler is also a viscoelastic material with the Rzhanitsyn—Koltunov kernel; in its kernel, @ and 8 are the same as for the medium, and A,
takes the values 0.012; 0.024; 0.048; 0.072 (in all cases fow R dt < 1). For comparison, the case in which both materials are elastic was also
calculated.

4 P 4
WO eWO =W g (W +w®) £ =& (19)

a) tangential stress T, b) contact stress T,
dee e, cavity e —
>0 — /1 =0.2 1.75 /‘/‘/
2.5 == Uz/u1=2 e
- — La/u1=10 1.50 1 /‘/
2.0 A = .
S N : 1.28 o—t™ *\\
............. bl ~
i L % 1.001 Bt
1.0 A
______ 0.75 A1
Y R
e o e o e e e e - e 0.50 1
0.0 : . T ) T . T .
0 1 2 3 4 0 1 2 3 4
kOa koa

Figure 6. Effect of the filler stiffness (b/a=0.5; 8y = 90°; both materials viscoelastic): a) tangential stress K,,; b) contact stress
K¢

Figure 6 shows that the filler fundamentally changes the stress state. A soft filler (x = 0.2) reduces the maximum tangential stress by 29
% relative to the cavity (from 3.149 to 2.230). In a stiff filler (x > 2), the tangential stress is small (K;, < 0.7), and the contact stress 7,
becomes the main dangerous component. Its largest value (K¢ = 1.3-1.9) occurs at the end of the minor axis on which the wave is incident
(¥ = 270°). This stress may lead to detachment of the lining from the soil. In a stiff filler, K+ increases with frequency: at x = 10 it increases
by 33 % relative to its static value (1.43) and reaches 1.90.
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Table 5. DSCF in the filled cylinder (b/a = 0.5; 6y = 90°; 0 < koa < 4; A = 0.048)

%= pa/uy Filler Component koa = 0.02 Largest / koa koa =1 koa =2
0 (cavity) medium elastic K, 3.000 3.285/0.58 2.863 1.713
0 (cavity) medium v.-el. K, 3.000 3.149/0.34 2.166 1.690
0.2 both elastic K, 2.144 2.759/3.75 2.268 1.826
0.2 Ar =0.012 K, 1.605 1.862/0.58 1.726 1.290
0.2 Ay =0.024 K, 1.752 1.969/0.54 1.782 1.381
0.2 Ay =0.048 K, 2.144 2.230/0.46 1.911 1.507
0.2 Ar =0.072 K, 2.760 2.760/0.02 2.011 1.625
2 both elastic K¢ 1.200 1.351/2.60 1.190 1.317
2 Ay =0.012 K¢ 1.345 1.547/2.25 1.346 1.536
2 Ar =0.024 K¢ 1.315 1.484/2.15 1.317 1.481
2 Ay =0.048 K¢ 1.200 1.325/1.90 1.229 1.324
2 Ay =0.072 K¢ 0.734 1.122/1.85 1.069 1.120
10 both elastic K¢ 1.428 1.920/4.00 1.381 1.622
10 Ay =0.012 K¢ 1.465 1.978 /1 4.00 1.487 1.786
10 Ay =0.024 K¢ 1.458 1.959/4.00 1.481 1.777
10 Ar =0.048 K¢ 1.427 1.896 /3.60 1.460 1.746
10 Ay =0.072 K¢ 1.244 1.771/3.10 1.409 1.672
a) k=0.2 b) k=2 c) k=10

2.75 1

2.50 A

2.25 4 .\

%f 2.00 A

1.75 A

1.50 +

1.25 4

0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
koa koa koa
----- both elastic — A, =0.012 ==+ Ay =0.024 -+ A, =0.048 A, =0.072

Figure 7. Effect of the filler viscosity (A;), A1 = 0.048 (b/a=0.5; 89 = 90°): a) soft filler, tangential stress; b), c) stiff filler,
contact stress

Effect of the viscosity ratio. An important result follows from Figure 7 and Table 5: the stress state is determined not by the viscosity of
the materials themselves but by the ratio of the filler and medium viscosities. This can be explained through the effective stiffness contrast:

1-T2 () -0 (w)
1-1" ) -irY ()

For Ay = Ay, .y = » and the contrast does not depend on frequency. For Ay = 0.012, the ratio |%e f| /x equals 1.95 at kpa = 0.1 and
1.61 at kga = 1. For A, = 0.024 this ratio is 1.63 and 1.40, and for A, = 0.072 it is 0.41 and 0.61. As a result:

—in a stiff filler (x = 2), if the filler is less viscous than the medium, the contrast increases and the contact stress rises. The largest value
of K¢ is 16.8 % greater for Ay =0.012 (1.547) and 12.0 % greater for A = 0.024 (1.484) than 1.325 for Ay = A;. If the filler is more viscous
(A2 =0.072), it decreases by 15.3 % (1.122). At x = 10 the effect is weaker: +4.3 % and —6.6 %;

—in a soft filler (x = 0.2) the effect is the opposite: for Ay = 0.012 the largest value of K,, decreases by 16.5 % (1.862), and for A, =
0.072 it increases by 23.8 % (2.760). In the latter case, the long-term modulus of the filler is very small, and at low frequencies it approaches
a cavity.

Thus, unlike the cavity case, viscosity can either reduce or increase the stress at the filler boundary. Assigning the same kernel to both
materials, or neglecting viscosity altogether, leads to underestimation of the contact stress by up to 17 %. Therefore, the kernel parameters
of the filler and the medium must be determined separately.

In addition, when both materials are elastic, internal resonances are observed in the soft filler (K, = 2.3-2.76 at koa ~ 2.6 and 3.75).
The viscosity of the filler almost completely suppresses these resonance peaks (Figure 7, a).

Hef (W) = x (20)
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7. Conclusions

1. An exact solution of the problem of SH-wave diffraction by an elliptic cavity in a viscoelastic medium was constructed in Mathieu functions
of complex parameter. The computational algorithm is based on finding the Fourier coefficients from an eigenvalue problem, finding the
Mathieu—Hankel functions from a series of products of Bessel functions, and determining the coefficients by projection along the contour.
The algorithm was verified against the static limit, the circular-cavity solution and the method of fundamental solutions (agreement up to
10712).

2. It was found that normalizing the incident wave at the coordinate origin in a damping medium artificially overstates the DSCF by up
to 27 % at high frequencies. Normalization (16) at the point where the wave first touches the cavity was proposed.

3. The effect of viscosity was separated into two mechanisms. The reduction of the elastic modulus (I';) shifts the DSCF spectrum
towards lower frequencies (for 6y = 90° the peak frequency decreases by 37—45 %) and has almost no effect on the peak value. Damping
(T'y) directly reduces the DSCF, and this effect increases with frequency up to 15 %.

4. When viscosity is taken into account, the largest value of the DSCF decreases by only 1-5 %, whereas at a fixed frequency (koa = 1)
it decreases by 14-29 %. Therefore, in the design of structures it is necessary to consider the entire frequency spectrum rather than only the
peak value.

5. Of the Rzhanitsyn—Koltunov kernel parameters, A and « strongly affect the DSCF (& mainly through I';.). In the range of frequencies
considered, the effect of 8 does not exceed 1.5 %.

6. The solution was generalized to a viscoelastic filled elliptic cylinder. In a stiff filler, the main dangerous component is the contact
stress, which occurs at the end of the minor axis on which the wave is incident. The stress state is determined by the ratio of the filler and
medium viscosities: through the effective contrast (20), the contact stress in a stiff filler varies from —15 % to +17 %, and the tangential stress
in a soft filler from —17 % to +24 %. The viscosity of the filler suppresses its internal resonances.
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Nomenclature and Abbreviations

Symbol / acronym Definition

SH Shear-horizontal (antiplane) wave

DSCF Dynamic stress concentration factor

MEFS Method of fundamental solutions

a,b Semi-axes of the elliptic cylinder/cavity

6o Incident-wave angle

Mo, 1* Instantaneous and complex shear moduli

P Mass density

R(¢) Relaxation kernel of the viscoelastic material

A a,B Parameters of the Rzhanitsyn—Koltunov relaxation kernel
I.,I'g Cosine and sine Fourier transforms of the relaxation kernel
w, co Angular frequency and reference shear-wave speed

ko, k+, ko Reference, complex medium and filler wavenumbers

&, n,q Elliptic coordinates and Mathieu parameter

K, Knax Local and maximum dynamic stress concentration factors
K, K¢ Tangential and interface-normal stress concentration measures
% Filler-to-medium stiffness (shear modulus) ratio
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Tyz, Téz Tangential and interface-normal shear stresses

Re,Im Real and imaginary parts of a complex quantity
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